The newly developed iterative method based on Green function defined by quadratures along a single trajectory is combined with the variational method to solve the ground state quantum wave function for central potentials. As an example, the method is applied to discuss the ground state solution of Yukawa potential, using Hulthen solution as the trial function.
Introduction
Recently an iterative solution of the ground state for the one dimensional double-well potential is obtained [1] based on the Green function method developed in ref. [2] . This Green function is defined along a single trajectory, from which the ground state wave function in N-dimension can be expressed by quadratures along the single trajectory. This makes it possible to develop an iterative method for obtaining the ground state wave function, starting from a properly chosen trial function. The convergence of the iterative solution very much depends on the choice of the trial function [1] . Therefore the key of this new method is to find the best trial function as the starting point of the iteration process.
On the other hand the variational method is a well-known approximate approach to solve Schroedinger equation starting from a trial function with a set of variational parameters. By minimizing the expectation value of the Hamiltonian respect to the set of parameters of the trial function, the variational solution could be obtained. If the staring trial function is properly chosen the solution could be a very good approximation for the equation. However, it is difficult to further improve the accuracy of this approximate solution.
In this paper the two methods are combined to get a veriational-iterative solution. The result is obviously more accurate than the variational one. It has been shown in ref. [1] that the final iterative solution is convergent if the trial function is properly chosen. As an example the variational-iterative method is applied to solve Yukawa potential, using the solution of a Hulthen potential as the trial function. The obtained result up to the second order is compared to those based on the pure variational procedure, starting from the same trial function. The solution of the combined method is improved significantly.
In Section 2, a brief introduction is given about the Green function method based on the single trajectory quadrature and the corresponding iterative formula for central potentials. The variational-iterative solution for Yukawa potential is given in Section 3. The numerical results and discussions are given in Section 4.
Green Function and Its Iterative Solution for a Central Potential

Green function
We discuss a particle with unit mass, moving in a central potential V (r). The ground state wave function Ψ(r) satisfies
The boundary condition for Ψ(r) is set as
Now a trial function Φ(r), satisfying the same boundary condition as Ψ(r), is introduced into the following Schroedinger equation:
The trial function should be chosen such that the difference of the two potentials
is small. Defining a Green function D satisfying the following equation [2] [− 1 2
then the solution Ψ(r) can be formally expressed as
with ∆ = E − E 0 . Expressing Ψ = Φf , then f satisfies
where
Following the same procedure as in [2] , in the spherical coordinate system with variables (r, θ, φ) the single trajectory is chosen as the radial coordinate r and correspondingly we define
Introducing a step function
or (r|Θ|r
It can be proved [2] that the Green function is
According to the boundary condition of the wave functions we have f = 1 at r = 0, and f = finite at r → ∞.
Using the definitions of the step function (11) and (12) to express the first and the second Θ-function in (13), respectively, f has the following integral form
and Ψ(r) = Φ(r)f (r) is the solution of eq.(1). Considering the definitions in eqs. (9) and (10), the corresponding energy correction ∆ can be expressed as
which can be formally expressed as
with [F ] defined as
2. Iterative solution Based on eqs. (7) and (17), two iterative sequences {f n } and {∆ n } are introduced as
We require
In the explicit form,
For a properly chosen trial function Φ(r) this iterative procedure will approach the solution
and Ψ(r) = Φ(r)f (r), E = E 0 + ∆.
Variational-Iterative Solution of Ground State for Yukawa Potential
The veriational solution of Yukawa potential has been widely discussed in details [3] . In ref.
[3] using a Hulthen solution as the trial function the result based on variational method is compared to the results from different methods. In our paper starting from the Hulthen solution we first give the traditional variational result. Using it as the trial function of the iterative procedure further improvement could be obtained. The Hamiltonian for Yukawa potential is
To simplify the notation, based on the following rescaling [3] :
the Hamiltonian can be expressed as 
with a variational parameter λ, which satisfies the Schroedinger equation with a Hulthen potential:
Based on the variational method the approximate solution of eq.(26) could be obtained by minimizing the expectation value of H in eq. (26):
Now using the obtained wave function Φ λ (r) as the zero-th order solution, we introduce the formal Green function expression of Ψ(r) = Φ λ (r)f (r) in the following way: We can define Green function D and D satisfying
As in Section 2, introducing the energy difference ∆ = E −E λ and the potential difference of Hamiltonian (26) and (28) U(r) = λe
we obtain expressions for f and ∆ similar to eqs. (7) and (17). The Green function is
Introducing the iterative series {f n } and {∆ n } as (19) and (20), the successive terms can be expressed as
Here the trial function for the iterative procedure is the variational wave function Φ λ . In the explicit form, for the first order, we have
It is interesting to compare this first order result to the variational energy and the first order perturbation result. From eq.(30)
which is the same as the first order result of the iterative method. If applying the perturbation method, the first order perturbation also gives the same energy. However, to further improve the above result the perturbation method would meet problem with the unknown excited unperturbed states which are necessary for the calculation of the crossmatrix elements in the second order calculation. For the iterative method, in principle, there is no problem for the higher order calculation. In general, for the n-th order, we have
In the next section the numerical results of E 1 and E 2 are given and compared to the result from the variational method for different α of the Yukawa potential in eq.(26).
Numerical Results and Discussions
For Yukawa potential with different parameter α, the variational parameter λ of a Hulthen potential can be obtained by minimizing the expectation value of Hamiltonian eq. (26) v.s. λ. The values of λ corresponding to different α are listed in the first two columns of Table 1 . For Hulthen potential the upper limit of λ to have a bound state is λ < 2. Considering this limitation the highest value of α is taken to be α = 1.15 which corresponds to λ = 1.9473. For different {α, λ} pair the obtained zero-th order energy E λ , the 1st order energy correction ∆ 1 and the corresponding binding energy of the ground state E 1 = E λ + ∆ 1 in the first order iteration are listed in columns 3-5 of Table 1 . As mentioned in Section 3 the values of E 1 for different {α, λ} are exactly the same as the variational result in ref. [3] . In columns 6-7 of Talbe 1 are given the values of the energy correction ∆ 2 and the obtained binding energy of the ground state E 2 = E λ + ∆ 2 after the second order iteration. For larger α, the correction in the second order iteration is visible. Comparing to the numerical exact solution in the column 8 taken from ref. [4] the values after the second order iteration are obviously improved. In principle, the iteration could go on to get more accurate result if the integrations in the iteration procedure could be performed properly. It is possible to solve some excited states based on this method if the proper variational solution could be found. For example, the variational solution of the excited S-states for Hulthen potential is known [3] , the corresponding solution for Yukawa potential could be obtained by the iteration procedure. This method could also be extended to multidimensional cases as long as one could choose the proper variational solution and find the single trajectory to define the Green function and perform the necessary quadratures [1, 2] . 
